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Quantum information theory and Fourier
multipliers on quantum groups
Cédric Arhancet
Abstract
In this paper, we compute the exact value of the minimum output entropy of all quan-
tum channels induced by Fourier multipliers acting on an arbitrary finite quantum group
G. Moreover, we show that this quantity is equal to the (normalized) completely bounded
minimal entropy. We also give a value for the classical capacity and the quantum capacity.
Our results rely on a new and precise description of bounded Fourier multipliers from L1(G)
into Lp(G) for 1 < p 6 ∞ where G is a co-amenable compact quantum group of Kac type
and on the automatic completely boundedness of these multipliers that this description
entails. This result is new even in the case of a group von Neumann algebra associated to
an amenable discrete group.
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1 Introduction
Fundamental characteristics of a quantum channel T are the minimum output entropy and
the different capacities. Determine these quantities is central to characterizing the fundamental
limits of the quantum channel’s ability to transmit information reliably.
In the Schödinger picture, a quantum channel is a trace preserving completely positive map
T : S1n → S
1
n acting on a Schatten class S
1
n. The minimum output entropy of a quantum channel
is defined by
(1.1) Hmin(T )
def
= min
x>0,Trx=1
S(T (x))
Mathematics subject classification: 20G42, 43A22, 46L07, 46L52, 81P45.
Key words and phrases: noncommutative Lp-spaces, quantum entropy, quantum capacities, compact quantum
groups.
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where S(ρ)
def
= −Tr(ρ log ρ) denotes the von Neumann entropy. Recall that S is the quantum
analogue of the Shannon entropy H and can be seen as a uncertainty measure of ρ. See for
example [Pet2] for a short survey of this notion. Note that S(ρ) is always positive, takes its
maximum values when ρ is maximally mixed and its minimum value zero if ρ is pure. So the
minimum output entropy can be seen as a measure of the deterioration of the purity of states.
The minimum output entropy of a specific channel is difficult to calculate in general.
In this work, we investigate more generally quantum channels acting on a finite-dimensional
noncommutative L1-space L1(M) associated with a von Neumann algebraM equipped with a
normalized (faithful) trace τ . The first aim of this paper is to compute the (negative) quantity1
(1.2) Smin(T )
def
= min
x>0,τ(x)=1
−τ
(
T (x) logT (x)
)
.
for any T : L1(M)→ L1(M) belonging to a large class of explicit quantum channels. If L1(M) =
S1n, this quantity differs from (1.1) by a constant depending on n. Note that if ρ is a positive
element of L1(M) with τ(ρ) = 1 then τ(ρ log ρ) > 0. We refer [LuP1], [Rus1] and [Seg1] for
more information on the quantity τ(ρ log ρ) in the context of von Neumann algebras.
The considered channels are the (trace preserving completely positive) Fourier multipliers
on finite quantum groups, see e.g. [Daw1] and [Daw3] for more information. Such a chan-
nel T : L1(G) → L1(G) acts on a finite-dimensional noncommutative L1-space L1(G) and is a
noncommutative variant of a classical Fourier multiplier Mϕ : L
1(T) → L1(T),
∑
k ake
2πik· 7→∑
k ϕkake
2πik· where ϕ = (ϕk) is a suitable sequence of ℓ
∞
Z
. Here T
def
= {z ∈ C : |z| = 1} is
the one-dimensional torus and we refer to [Gra1] for the classical theory of multipliers on T.
Loosely speaking, a finite quantum group is a finite-dimensional C∗-algebra A equipped with
a suitable ”coproduct” map ∆: A → A ⊗ A that is a noncommutative variant of the commu-
tative C∗-algebra C(G) of continuous functions on a compact group G equipped with the map
∆: C(G)→ C(G) ⊗ C(G) where ∆(f)(s, t) = f(st) for f ∈ C(G) and s, t ∈ G. It is possible to
do harmonic analysis and representation theory in this setting. See [Maj1], [MaD1] and [FSS1]
for short presentations.
Our approach relies on an observation of the authors of [ACN1]. They observed that we can
express the minimum output entropy as a derivative of suitable operators norms:
(1.3) Smin(T ) = −
d
dp
‖T ‖pL1(M)→Lp(M) |p=1.
See Section 8 for a proof of this formula. So it suffices to compute the operator norm ‖·‖L1(M)→Lp(M)
in order to compute the minimum output entropy. Unfortunately, in general, the calculation of
these operator norms is not much easier than the direct computation of the minimum output
entropy. However, the purpose of this paper is to show that the computation of ‖T ‖L1(G)→Lp(G)
is possible in the case of an arbitrary Fourier multiplier T on a finite quantum group G.
Moreover, we prove that for these channels the minimum output entropy is equal to the
completely bounded minimal entropy (reverse coherent information). This notion was intro-
duced in [DJKRB] and rediscovered in [GPLS], see also [YHW1]. We can use the following
definition:
(1.4) Scb,min(T )
def
= −
d
dp
‖T ‖pcb,L1(M)→Lp(M) |p=1
1. We could introduce the positive quantity Smax(T )
def
= maxx>0,τ(x)=1 τ(T (x) log T (x)) but we prefer keep a
notation in the spirit of (1.1).
2
where the subscript cb means completely bounded and is natural in operator space theory, see
the books [BLM], [ER], [Pis1] and [Pis2]. We warn the reader that we use a normalized trace
here contrary to [DJKRB]. So if M = Mn, our definition is slightly different from the one
of [DJKRB]. Indeed, we will show that ‖T ‖cb,L1(G)→Lp(G) = ‖T ‖L1(G)→Lp(G) for any bounded
Fourier multiplier T on a finite quantum group G and any 1 6 p 6∞ (see Theorem 4.2)and we
will immediately deduce the equality Smin(T ) = Scb,min(T ). Note that ifM is a non-abelian (at
least semifinite) von Neumann algebra, we will prove in Section 5 that the completely bounded
norm ‖·‖cb,L1(M)→Lp(M) and the classical operator norm ‖·‖L1(M)→Lp(M) are not equal. So the
above equality is specific to the Fourier multipliers on (co-amenable) compact quantum groups.
Finally, we refer to [GuW1] for another application of these completely bounded norms.
In particular, as the completely bounded minimal entropy Scb,min is additive, in sharp
contrast with the minimum output entropy [Has1], we deduce that each Fourier multiplier has
the additivity property.
One of the most fundamental questions in quantum information concerns with the amount
of information that can be transmitted reliably through a quantum channel. For that, many
capacities was introduced for describing the capability of the channel for delivering information
from the sender to the receiver. We refer to the survey [GIN1] for more information on the
large diversity of quantum channel capacities Despite of the significant progress in recent years,
the computation of most capacities remains largely open. The Holevo capacity of a quantum
channel T : S1n → S
1
n can be defined by the formula
(1.5) χ(T )
def
= sup
{
S
(
T
( N∑
i=1
λiρi
))
−
N∑
i=1
λiS(T (ρi))
}
where the supremum is taken over all N ∈ N, all probability distributions (λ1, . . . , λN ) and
all states ρ1, . . . , ρN of S
1
n, see [GIN1, page 21] [Key1, page 82]. It is known that the classical
capacity C(T ) can be expressed by the asymptotic formula
(1.6) C(T ) = lim
n→+∞
χ(T⊗n)
n
.
This quantity is the rate at which one can reliably send classical information through T . Using
the remarkable connection described in the paper [JuP1] of χ(T ) with the p-summing maps
and some noncommutative variants, the ℓp(Spd)-summing operators, we are able to give a value
of C(T ) for any Fourier multiplier T acting on a finite quantum group. It is the second aim
of this paper. For that, we obtain some results on the ℓp(Spd)-summing Fourier multipliers in
Section 6. We deduce equally the same value for the quantum capacity Q(T ) which the the
rate at which one can reliably send quantum information through T .
We also obtain a bound for the unlimited entanglement-assisted classical capacity given by
(1.7) CEA(T )
def
= max
ρ∈S1n⊗S
1
n
{
S
(
(Tr⊗Id)(ρ)
)
+ S
(
(Id⊗ Tr)(ρ)
)
− S
(
(T ⊗ Id)(ρ)
)}
.
We refer to [GJL1], [GJL2], [JuP1] and [JuP2] for papers using operator space theory for
estimating quantum capacities and to the books [GMS1], [Hol1], [NiC1], [Pet1] and [Wil1] for
more information on quantum information theory.
To conclude, we also hope that this connection between quantum information theory and
the well-established theory of Fourier multipliers on operator algebras will be the starting point
of other progress on the problems of quantum information theory but also in noncommutative
harmonic analysis. We leave open an important number of implicit questions. We equally
3
refer to [BCLY], [CrN1] and [LeY1] for papers on quantum information theory in link with
noncommutative harmonic analysis.
The paper is organized as follows. Section 2 gives background on noncommutative Lp-
spaces, compact quantum groups, and operator space theory. These notions are fundamental
for us. In Subsection 3, we prove that the convolution induces a completely bounded map
on some noncommutative Lp-spaces associated to some suitable compact quantum groups. In
Subsection 4, we describe bounded Fourier multipliers from L1(G) into Lp(G) where G is a co-
amenable compact quantum group of Kac type. We deduce from Section 3 that these multipliers
are necessarily completely bounded with the same completely bounded norm. We also describe
by duality the (completely) bounded Fourier multiplier Lp(G) → L∞(G) which will be useful
for obtaining the result on the different capacities. In Subsection 5, we compare the spaces of
bounded maps and of completely bounded maps from L1(M) into L∞(M). We show that in
the case of a nonabelian von Neumann algebra M, these norms are different. In Subsection 6,
we describe partially the ℓp(Spd)-summing (left or right) Fourier multipliers acting from L
∞(G)
into L∞(G) where G is a co-amenable compact quantum group of Kac type. In Subsection 7,
we obtain the computation of the minimal output entropy, the equality with the completely
bounded minimal entropy and the information on the capacities. We equally observe that there
exist some bounded Schur multipliers but not completely bounded from S1 into the space B(ℓ2)
of bounded operators acting on the Hilbert space ℓ2. In Subsection 8, we give a proof of the
formula (1.3) which describes the minimum output entropy Smin(T ) as a derivative of operator
norms for the sake of completeness.
2 Preliminaries
Multipliers and bimodules Let A be a Banach algebra and let X be a Banach space
equipped with a structure of A-bimodule. We say that a pair of maps (L,R) from A into X is
a multiplier if
(2.1) aL(b) = R(a)b, a, b ∈ A.
We say that (L,R) is a bounded multiplier if L and R are bounded. In this case, we let
(2.2) ‖(L,R)‖
def
= max
{
‖L‖A→X , ‖R‖A→X
}
.
If X is A-right module, a left multiplier is a map L : A→ X such that
(2.3) L(ab) = L(a)b, a, b ∈ A.
Similarly, if X is A-left module, a right multiplier is a map R : A→ X such that
(2.4) R(ab) = aR(b), a, b ∈ A.
We refer to [Daw1] for more information.
Matrix normed modules Let A be a Banach algebra equipped with an operator space
structure. We need to consider the left A-modules X that correspond to completely contractive
homomorphisms A→ CB(X) for an operator space X . Following [BLM, (3.1.4)], we call these
matrix normed left A-modules. It is easy to see that these are exactly the left A-modules X
satisfying for all m,n ∈ N, any [aij ] ∈Mn(A) and any [xkl] ∈ Mm(X)
(2.5) ‖[aijxkl]‖Mnm(X) 6 ‖[aij ]‖Mn(A) ‖[xkl]‖Mm(X) .
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A reformulation of (2.5) is that the module action on X extends to a complete contraction
A⊗̂X → X where ⊗̂ denotes the operator space projective tensor product. Similar results hold
for matrix normed right modules.
If X is a matrix normed left A-module, then by [BLM, 3.1.5 (2)] the dual X∗ is a matrix
normed right A-module for the dual action defined by
(2.6) 〈ϕa, x〉X∗,X
def
= 〈ϕ, ax〉X∗,X , a ∈ A, x ∈ X,ϕ ∈ X
∗.
There exists a similar result for matrix normed right A-modules.
Noncommutative Lp-spaces Here we recall some basics of noncommutative Lp-spaces on
semifinite von Neumann algebras. We refer to [Tak1] for the theory of von Neumann algebras
and to [PiX] for more information on noncommutative Lp-spaces. Let M be a semifinite von
Neumann algebra equipped with a normal semifinite faithful trace τ . We let M+ denote the
positive part of M. Let S+ be the set of all x ∈ M+ whose support projection have a finite
trace. Then any x ∈ S+ has a finite trace. Let S ⊂ M be the linear span of S+, then S is a
weak*-dense ∗-subalgebra of M.
Let 1 < p <∞. For any x ∈ S, the operator |x|p belongs to S+ and we set
‖x‖Lp(M)
def
=
(
τ(|x|p)
) 1
p , x ∈ S.
Here |x|
def
= (x∗x)
1
2 denotes the modulus of x. It turns out that ‖·‖p is a norm on S. By
definition, the noncommutative Lp-space associated with (M, τ) is the completion of (S, ‖·‖p).
It is denoted by Lp(M). For convenience, we also set L∞(M)
def
= M equipped with its operator
norm. Note that by definition, Lp(M) ∩M is dense in Lp(M) for any 1 6 p 6∞.
Furthermore, τ uniquely extends to a bounded linear functional on L1(M), still denoted by
τ . Indeed we have |τ(x)| 6 τ(|x|) = ‖x‖1 for any x ∈ L
1(M).
We recall the noncommutative Hölder inequality. If 1 6 p, q, r 6∞ satisfy 1
r
= 1
p
+ 1
q
then
(2.7) ‖xy‖r 6 ‖x‖p ‖y‖q , x ∈ L
p(M), y ∈ Lq(M).
Conversely for any z ∈ Lr(M), there exist x ∈ Lp(M) and y ∈ Lq(M) such that
(2.8) z = xy and ‖z‖r = ‖x‖p ‖y‖q
For any 1 6 p < ∞, let p∗ = p
p−1 be the conjugate number of p. Applying (2.7) with q = p
∗
and r = 1, we may define a duality pairing between Lp(M) and Lp
′
(M) by
(2.9) 〈x, y〉 = τ(xy), x ∈ Lp(M), y ∈ Lp
′
(M).
This induces an isometric isomorphism
(2.10) (Lp(M))∗ = Lp
∗
(M), 1 6 p <∞,
1
p
+
1
p∗
= 1.
In particular, we may identify L1(M) with the (unique) predual M∗ of M.
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Compact quantum groups Let us first recall some well-known definitions and properties
concerning compact quantum groups. We refer to [Cas1], [FSS1], [Kus1], [MaD1], [NeT1],
[VDa1] and references therein for more details.
A compact quantum group G is a von Neumann algebra L∞(G) equipped with a faithful
unital normal ∗-homomorphism ∆: L∞(G)→ L∞(G)⊗L∞(G) (called the coproduct) such that
(∆⊗ Id)∆ = (Id⊗∆)∆ and a normal faithful state h : L∞(G)→ C (called the Haar state) such
that
(h⊗ Id) ◦∆(x) = h(x)1 = (Id⊗ h) ◦∆(x), x ∈ L∞(G).
The quantum group G is said to be of Kac type h is a trace. We say that G is finite if L∞(G)
is finite-dimensional. Such a compact quantum group is of Kac type by [VDa2].
Representations A unitary matrix u = (uij)16i,j6n with entries uij ∈ L
∞(G) is called a
n-dimensional unitary representation of G if for any i, j = 1, . . . , n we have
∆(uij) =
n∑
k=1
uik ⊗ ukj .
We say that u is irreductible if there is no non-trivial projection p ∈ Mn such that (p ⊗
1)u = u(p ⊗ 1). We denote by Irr(G) the set of unitary equivalence classes of irreducible
finite-dimensional unitary representations of G. For each π ∈ Irr(G), we fix a representative
u(π) ∈ L∞(G)⊗Mnpi of the class π.
We let
(2.11) Pol(G)
def
= span
{
u
(π)
ij : u
(π) = [u
(π)
ij ]
npi
i,j=1, π ∈ Irr(G)
}
.
This is a weak* dense subalgebra of L∞(G).
Antipodes on compact quantum groups of Kac type If G is a compact quantum group
of Kac type, it is known that there exists an anti-∗-automorphism S : L∞(G)→ L∞(G), called
the antipode of G, determined by
S
(
u
(π)
ij
)
=
(
u
(π)
ji
)∗
, π ∈ Irr(G), 1 6 i, j 6 nπ.
Moreover, S preserves the finite trace h, i.e. h ◦ S = h. For any x, z ∈ L∞(G), we have
(2.12) S
(
(Id⊗ τ)(∆(z)(1 ⊗ y))
)
= (Id⊗ τ)
(
(1⊗ z)∆(y)
)
.
Moreover, we have
(2.13) ∆ ◦ S = Σ ◦ (S ⊗ S) ◦∆.
where Σ: L∞(G)⊗L∞(G)→ L∞(G)⊗L∞(G), x⊗ y 7→ y ⊗ x is the flip.
Fourier transforms For a linear functional ϕ on Pol(G), we define the Fourier transform
ϕˆ = (ϕˆ(π))π∈Irr(G), which is an element of ℓ
∞(Gˆ)
def
= ⊕πMnpi , by
ϕˆ(π)
def
= (ϕ⊗ Id)
(
(u(π))∗
)
, π ∈ Irr(G).
In particular, any x ∈ L∞(G) induces a linear functional h(·x) : Pol(G) → C, y 7→ h(yx) on
Pol(G) and the Fourier transform xˆ = (xˆ(π))π∈Irr(G) of x is defined by
xˆ(π)
def
= (h(·x) ⊗ Id)
(
(u(π))∗
)
, π ∈ Irr(G).
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Let ϕ1, ϕ2 be linear functionals on Pol(G). Consider their convolution product ϕ1 ∗ ϕ2
def
=
(ϕ1 ⊗ ϕ2) ◦∆. We recall that
(2.14) ϕ̂1 ∗ ϕ2(π) = ϕˆ2(π)ϕˆ1(π).
The following result is elementary and well-known.
Proposition 2.1 The Fourier transform F : L∞(G)∗ → ℓ∞(Gˆ), f 7→ fˆ is a contraction, and
moreover F sends L1(G) injectively into ℓ∞(Gˆ).
Example 2.2 Let G be a compact group and define
∆(f)(s, t)
def
= f(st), f ∈ C(G), s, t ∈ G.
Then ∆ admits a weak* continuous extension ∆: L∞(G) → L∞(G)⊗L∞(G). In this situation
L∞(G) equipped with ∆ and a Haar measure is a compact quantum group. For any f ∈ L∞(G),
we can show that
fˆ(π) =
∫
G
π(s)∗f(s) dµG(s), π ∈ Irr(G).
Example 2.3 Let G be a discrete group with its neutral element e and VN(G) its von Neumann
algebra. The “dual” G = Gˆ of G is a compact quantum group defined by VN(G) equipped with
the coproduct ∆: VN(G) → VN(G)⊗VN(G), λs 7→ λs ⊗ λs and the Haar state defined as the
unique trace τ on VN(G) such that τ(1) = 1 and τ(λs) = 0 for s ∈ G\{e}. For any f ∈ VN(G),
we have
fˆ(s) = τ(fλ(s)∗), s ∈ G.
Operator spaces We refer to [Pis1] for more information on vector valued noncommutative
Lp-spaces. Let M be a hyperfinite von Neumann algebra. Let E and F be operator spaces. If
a map T : E → F is completely bounded then IdLp(M) ⊗ T : L
p(M,E)→ Lp(M,F ) is bounded
and we have
(2.15)
∥∥IdLp(M) ⊗ T∥∥Lp(M,E)→Lp(M,F ) 6 ‖T ‖cb,E→F .
Let M,N be von Neumann algebras. Recall that by [Pis2, Theorem 2.5.2] the map
(2.16)
Ψ: M⊗N −→ CB(M∗, N)
z 7−→ x 7→ (x⊗ Id)(z)
is a completely isometric isomorphism. Let X be a Banach space and E be an operator space.
For any bounded linear map T : X → E, we have by [BLM, (1.12)]
(2.17) ‖T ‖cb,max(X)→E = ‖T ‖X→E .
For any bounded linear map T : E → X , we have by [BLM, (1.10)]
(2.18) ‖T ‖cb,E→min(X)→E = ‖T ‖E→X .
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3 Convolutions by elements of Lp(G) and completely bounded
maps from L1(G) into Lp(G)
Let G be a compact quantum group. Recall that the associated coproduct is a weak* con-
tinuous map ∆: L∞(G) → L∞(G)⊗L∞(G). So there is a completely contractive preadjoint
map ∆∗ : L
∞(G)∗⊗̂L∞(G)∗ → L∞(G)∗ where ⊗̂ denotes the operator space projective tensor
product. This gives us a completely contractive Banach algebra structure on L∞(G)∗. We will
use the following classical notation
(3.1) f ∗ g
def
= ∆∗(f ⊗ g) = (f ⊗ g)∆, f, g ∈ L
∞(G)∗.
For any x, y ∈ L∞(G), we define the convolution x ∗ y as an element of L∞(G)∗ by
(3.2) x ∗ y
def
= τ(·x) ∗ τ(· y).
Let G be a compact quantum group of Kac type. Suppose 1 6 p 6 ∞. For any x ∈ L1(G)
and any y ∈ Lp(G), we have by [LWW1, Corollary 3.10]2 the inequality
(3.3) ‖x ∗ y‖Lp 6 ‖x‖L1 ‖y‖Lp .
In this section, we prove a completely bounded version of this inequality. We will use the
following folklore observation.
Lemma 3.1 Let G be a compact quantum group of Kac type. If x, y ∈ L∞(G), x ∗ y is equal
to the element
〈(
(τ(x ·) ◦ S)⊗ Id
)(
∆(y)
)
, ·
〉
L1(G),L∞(G)
.
Proof : For any x, y, z ∈ L∞(G), we have
〈x ∗ y, z〉L1(G),L∞(G)
(3.2)
=
〈
(τ(x ·) ∗ τ(y ·)), z
〉
L1(G),L∞(G)
(3.1)
= (τ(x ·) ⊗ τ(y ·))∆(z)
= τ(x ·)
[
(Id⊗ τ)
(
∆(z)(1⊗ y)
)] (2.12)
= τ(x ·) ◦ S
[
(Id⊗ τ)
(
(1 ⊗ z)∆(y)
)]
=
(
τ(x ·) ◦ S ⊗ τ(z ·)
)(
∆(y)
)
= τ
[
z
(
τ(x ·) ◦ S ⊗ Id
)(
∆(y)
)]
=
〈(
(τ(x ·) ◦ S)⊗ Id
)(
∆(y)
)
, z
〉
L1(G),L∞(G)
.
Recall that we have a contractive inclusion L∞(G) ⊂ L1(G), x 7→ τ(x ·). If x, y ∈ L∞(G),
We are led to define the element
(3.4) x ∗∞ y
def
=
(
(τ(x ·) ◦ S)⊗ Id
)(
∆(y)
)
of L∞(G). By Lemma 3.1, we have
(3.5) x ∗ y = τ((x ∗∞ y) ·).
Note that (3.1), induces a left action of L1(G) on L1(G) (by left convolutions). We define
the right dual action · of L1(G) on L∞(G) by
(3.6) 〈z · a, x〉L∞(G),L1(G)
(2.6)
= 〈z, a ∗ x〉L∞(G),L1(G), a ∈ L
1(G), x ∈ L1(G), z ∈ L∞(G).
Since S is an anti-∗-automorphism, note that S is weak* continuous. For any y ∈ L1(G)
and any z ∈ L∞(G), we define the element y ∗1,∞ z of L∞(G) by
(3.7) y ∗1,∞ z
def
= z · S∗(y).
2. The result remains true for a locally compact quantum group G whose scaling automorphism group is trivial.
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Proposition 3.2 Let G be a compact quantum group of Kac type. For any y ∈ L1(G) and any
z ∈ L∞(G), we have
(3.8) y ∗1,∞ z =
(
(y ◦ S)⊗ Id
)
◦∆(z).
Proof : If y ∈ L1(G) and z ∈ L∞(G), we have〈
y ∗1,∞ z, ψ
〉
L∞(G),L1(G)
(3.7)
=
〈
z · S∗(y), ψ
〉
L∞(G),L1(G)
(3.6)
=
〈
z, S∗(y) ∗ ψ
〉
L∞(G),L1(G)
(3.9)
=
〈
z, (y ◦ S) ∗ ψ
〉
L∞(G),L1(G)
(3.1)
=
(
(y ◦ S)⊗ ψ
)
◦∆(z) = ψ
[(
(y ◦ S)⊗ Id
)
◦∆(z)
]
=
〈(
(y ◦ S)⊗ Id
)
◦∆(z), ψ
〉
L∞(G),L1(G)
.
We deduce (3.8).
Proposition 3.3 Let G be a compact quantum group of Kac type. We have the following
commutative diagram.
L1(G)⊗ L1(G)
∗ // L1(G)
L1(G)⊗ L∞(G)
∗1,∞
//
?
OO
L∞(G)
?
OO
L∞(G)⊗ L∞(G)
∗∞
//
?
OO
L∞(G)
?
OO
Proof : For any x, z ∈ L∞(G), we have
τ(x ·) ∗1,∞ z
(3.8)
=
(
(τ(x ·) ◦ S)⊗ Id
)
◦∆(z)
(3.4)
= x ∗∞ z.
Moreover, for any x, z ∈ L∞(G) and any f ∈ L1(G), we have〈
f ∗ τ(x ·), z
〉
L1(G),L∞(G)
(3.1)
= (f ⊗ τ(x ·))∆(z) = f
[
(Id⊗ τ)
(
(1⊗ x)∆(z)
)]
(2.12)
= f ◦ S
[
(Id⊗ τ)
(
∆(x)(1 ⊗ z)
)]
=
(
(f ◦ S)⊗ τ(z· )
)
◦∆(x)
)]
= τ
[
z
((
(f ◦ S)⊗ Id
)
◦∆(x)
)] (3.8)
= τ
(
z(f ∗1,∞ x)
)
.
In the following theorem, L1(G) is implicitly equipped with opposed operator space struc-
ture.
Theorem 3.4 Let G be a compact quantum group of Kac type. Suppose 1 6 p 6 ∞. We
have well-defined map completely contractive maps L1(G)⊗̂Lp(G)→ Lp(G), f ⊗ g 7→ f ∗ g and
Lp(G)⊗̂L1(G)→ Lp(G), g ⊗ f 7→ g ∗ f .
Proof : Since the convolution ∗ of (3.1) induces a structure of matrix normed left L∞(G)∗-
module on L∞(G)∗, the right dual action · of (3.6) induces a structure of matrix normed
right L∞(G)∗-module on L
∞(G). Moreover, S : L∞(G) → L∞(G) is an anti-∗-automorphism.
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Its preadjoint S∗ : L
∞(G)∗ → L∞(G)∗ is an anti-completely isometric map. For any [aij ] ∈
Mn(L
1(G)) and any [xkl] ∈Mm(L∞(G)), we deduce that∥∥[aij ∗1,∞ xkl]∥∥Mnm(L∞(G)) (3.7)= ∥∥[xkl · S∗(aij)]∥∥Mnm(L∞(G))
6
∥∥[xkl]∥∥Mm(L∞(G))∥∥[S∗(aij)]∥∥Mn(L1(G)) 6 ∥∥[xkl]∥∥Mm(L∞(G))∥∥[aji]∥∥Mn(L1(G))
=
∥∥[xkl]∥∥Mm(L∞(G))∥∥[aij ]∥∥Mn(L1(G)op)
So, we have a well-defined map completely contractive map L1(G)op⊗̂L∞(G) → L∞(G), x ⊗
y 7→ x ∗ y. Recall that we also have a completely contractive map L1(G)⊗̂L1(G) → L1(G),
x⊗ y 7→ x ∗ y. So we obtain the conclusion by bilinear interpolation.
The second part is similar and left to the reader.
Remark 3.5 The assumption “of Kac type” cannot be dropped since it is shown in [LWW1]
that the inequality ‖x ∗ y‖∞ 6 ‖x‖∞ ‖y‖1 is not true for G = SUq(2) for q ∈]− 1, 1[−{0}.
Corollary 3.6 Let G be a compact quantum group of Kac type. Suppose 1 < p 6 ∞. Let
µ ∈ Lp(G). The map T : L1(G)→ Lp(G), x 7→ µ ∗ x is completely bounded with
(3.10) ‖T ‖cb,L1(G)→Lp(G) 6 ‖µ‖Lp(G) .
Proof : By [ER, Proposition 7.1.2], we have an (complete) isometry
CB(Lp(G)⊗̂L1(G),Lp(G)) −→ CB(Lp(G),CB(L1(G),Lp(G)))
µ⊗ x 7→ µ ∗ x 7−→ µ 7→ (x 7→ µ ∗ x)
.
The conclusion is obvious.
Remark 3.7 We extend the result to the case Lq(G)⊗̂Lp(G)→ Lr(G) where 1
p
+ 1
q
= 1
r
with
1 6 p, q, r 6∞ but we have no interesting application at the present moment.
Remark 3.8 If G is an abelian locally compact group and if 1 + 1
r
= 1
p
+ 1
q
, it is not difficult
to generalize the vector-valued Young’s inequality ‖f ∗ g‖Lr(R,X) 6 ‖f‖Lp(R) ‖g‖Lq(R,X) for the
group R from [ABHN1, Proposition 1.3.2] to the case of G. From this, it is obvious that if X is a
Banach space any element µ ∈ Lp(G) induces a convolution operator T : L1(G,X)→ Lp(G,X),
x 7→ µ ∗ x satisfying
(3.11) ‖T ‖L1(G,X)→Lp(G,X) 6 ‖µ‖Lp(G) .
4 Bounded versus completely bounded Fourier multipli-
ers from L1(G) into Lp(G)
Let G be a compact quantum group of Kac type. Suppose 1 6 p <∞. So, we have a structure
of L1(G)-bimodule on Lp(G) for any 1 6 p 6∞. So we can consider the associated multipliers,
see the the first paragraph of Section 2. We denote by M1,p(G) the space of multipliers from
Lp(G) into Lq(G) what we call Fourier multipliers. In particular, a left Fourier multiplier is a
map T : L1(G)→ Lp(G) satisfying
(4.1) T (x ∗ y) = T (x) ∗ y, x, y ∈ L1(G).
10
We denote by M1,pl (G) the space of left bounded Fourier multipliers.
Suppose 1 6 p <∞. We will use the following duality bracket
(4.2) 〈x, y〉Lp(G),Lp∗(G)
def
= τ(xS(y)) = τ(yS(x)).
The reader should observe that this bracket is the better bracket for duality in order to do
harmonic analysis on noncommutative Lp-spaces associated to compact quantum groups of Kac
type..
We will use the following lemma which is a noncommutative analogue of [Dieu2, (14.10.9)].
Lemma 4.1 Let G be a compact quantum group of Kac type. Suppose 1 6 p <∞. If x ∈ L1(G),
y ∈ Lp
∗
(G) and z ∈ Lp(G), we have
(4.3) 〈z ∗ x, y〉Lp(G),Lp∗(G) = 〈z, x ∗ y〉Lp(G),Lp∗ (G)
Proof : For any ∈, we have
(4.4) τ(yx) = τ(S(yx)) = τ(S(x)S(y)) = τ(·S(y)) ◦ S(x).
So
(4.5) τ(y ·) = τ(·S(y)) ◦ S.
Now, for any x, y, z ∈ Pol(G), we have〈
z ∗ x, y
〉
Lp(G),Lp∗ (G)
(4.2)
= τ
(
(z ∗ x)S(y)
) (3.1)(3.2)
= (τ(· z) ⊗ τ(·x)) ◦∆ ◦ S(y)
(2.13)
= (τ(·x) ⊗ τ(· z) ◦ (S ⊗ S) ◦∆(y) = (τ(·x)S ⊗ τ(· z)S)∆(y)
(4.5)
= (τ(·x)S ⊗ τ(S(z) ·))∆(y) = (τ(x ·)S)((Id ⊗ τ)∆(y)(1 ⊗ S(z)))
(2.12)
= τ(x ·)
(
(Id⊗ τ)((1 ⊗ y)∆(S(z)))
)
= (τ(x ·) ⊗ τ(y ·))∆(S(z))
= τ((x ∗ y)S(z))
(4.2)
= 〈z, x ∗ y〉Lp(G),Lp∗ (G).
We conclude by density.
Now, we will show that the bounded Fourier multipliers from L1(G) into Lp(G) on a co-
amenable compact quantum group are convolution operators. Recall that a compact quantum
group G is co-amenable if and only if the Banach algebra L1(G) has a bounded approximate
unit with norm not more than 1. A known class of examples of coamenable compact quantum
groups is given by finite quantum groups.
Theorem 4.2 Let G be a co-amenable compact quantum group of Kac type. Suppose 1 < p 6
∞. Let T : L1(G)→ Lp(G) be a map.
1. The operator T is a bounded left Fourier multiplier if and only if there exists µ ∈ Lp(G)
such that
(4.6) T (x) = µ ∗ x, x ∈ L1(G).
2. The operator T is a bounded right Fourier multiplier if and only if there exists µ ∈ Lp(G)
such that
(4.7) T (x) = x ∗ µ, x ∈ L1(G).
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3. The map Lp(G)→M1,p(G), µ 7→ (µ ∗ ·, · ∗ µ) is a surjective isometry.
In the situation of the point or the point 2, µ is unique, the map is completely bounded and
we have
(4.8) ‖µ‖Lp(G) = ‖T ‖L1(G)→Lp(G) = ‖T ‖cb,L1(G)→Lp(G) .
Proof : 1. ⇐: Suppose that µ belongs to Lp(G). The completely boundedness of T is a
consequence of Corollary 3.6 which in addition says that
(4.9) ‖T ‖cb,L1(G)→Lp(G)
(3.10)
6 ‖µ‖Lp(G) .
Moreover, for any x, y ∈ L1(G), we have
T (x ∗ y)
(4.6)
= µ ∗ (x ∗ y) = (µ ∗ x) ∗ y
(4.6)
= T (x) ∗ y.
Hence (4.1) is satisfied, we conclude that T is a bounded left Fourier multiplier.
⇒: Suppose that T : L1(G) → Lp(G) is a bounded left Fourier multiplier. Since G is co-
amenable, by [BeT1, Theorem 3.1] (and its proof) there exists a contractive approximative unit
(bi) of the algebra L
1(G). For any x ∈ L1(G), we have in L1(G)
(4.10) bi ∗ x −→
i
x.
For any i, we have
‖T (bi)‖Lp(G) 6 ‖T ‖L1(G)→Lp(G) ‖bi‖L1(G) 6 ‖T ‖L1(G)→Lp(G) .(4.11)
This implies that the net (T (bi)) lies in a norm bounded subset of the Banach space L
p(G).
Note that if 1 < p <∞, the Banach space Lp(G) is reflexive. By [Con1, Theorem 4.2 p. 132] if
p < ∞ and Alaoglu’s theorem if p = ∞ there exist a subnet (T (bj)) of (T (bi)) and µ ∈ Lp(G)
such that the net (T (bj)) converges to µ for the weak topology of L
p(G) if p < ∞ and for the
weak* topology of L∞(G) if p =∞, i.e. for any z ∈ Lp
∗
(G) we have
(4.12)
〈
T (bj), z
〉
Lp(G),Lp∗ (G)
−→
j
〈µ, z〉Lp(G),Lp∗(G).
Lemma 4.3 For any x ∈ L1(G), we have in Lp(G)
(4.13) T (x) = lim
i
(
T (bj) ∗ x
)
.
Proof : For any x ∈ L1(G) and any j, we have
‖T (x)− T (bj) ∗ x‖Lp(G)
(4.1)
= ‖T (x)− T (bj ∗ x)‖Lp(G)
= ‖T (x− bj ∗ x)‖Lp(G) 6 ‖T ‖L1(G)→Lp(G) ‖x− bj ∗ x‖L1(G)
(4.10)
−−−−→
j
0.
For any x ∈ L1(G) any y ∈ Lp
∗
(G), we have〈
T (x), y
〉
Lp(G),Lp∗(G)
(4.13)
=
〈
lim
j
T (bj) ∗ x, y
〉
Lp(G),Lp∗(G)
= lim
j
〈
T (bj) ∗ x, y
〉
Lp(G),Lp∗ (G)
(4.3)
= lim
j
〈
T (bj), x ∗ y
〉
Lp(G),Lp∗(G)
(4.12)
=
〈
µ, x ∗ y
〉
Lp(G),Lp∗(G)
(4.3)
= 〈µ ∗ x, y〉Lp(G),Lp∗ (G).
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So we obtain (4.6).
Using [Meg1, Theorem 2.5.21] if p < ∞ and [Meg1, Theorem 2.5.21] if p = ∞ in the first
inequality, we obtain
‖µ‖Lp(G) =
∥∥w∗ − lim
j
T (bj)
∥∥
Lp(G)
6 lim inf
j
‖T (bj)‖Lp(G)
(4.11)
6 ‖T ‖L1(G)→Lp(G) 6 ‖T ‖cb,L1(G)→Lp(G) .
Combined with (4.9), we obtain (4.8). The uniqueness is a consequence of the faithfulness of
the convolution, i.e. by [HNR1, Proposition 1].
2. The proof is similar to the proof of the point 1.
3. Let (L,R) be a bounded multiplier. Note that by [Daw1, Lemma 2.1], the map
R : L1(G) → Lp(G) is a bounded right Fourier multiplier. Then by the point 2, there exists
µ ∈ Lp(G) such that R(x) = x ∗ µ. For any x, y ∈ L1(G), we have
(4.14) x ∗ L(y)
(2.1)
= R(x) ∗ y = (x ∗ µ) ∗ y = x ∗ (µ ∗ y).
Since the convolution ∗ is faithful by [HNR1, Proposition 1], we deduce that for any y ∈ L1(G)
we have L(y) = µ ∗ y. Conversely, for any x, y ∈ L1(G), we have
x ∗ (µ ∗ y) = (x ∗ µ) ∗ y.
So by (2.1), the couple (µ ∗ ·, · ∗ µ) is a Fourier multiplier. The proof is complete.
Remark 4.4 We did not try to extend (with the same ideas) this result to the case of locally
compact quantum group. It is likely that some parts remains true at least in the case 1 < p 6 2.
Remark 4.5 The case p = 1 is [HNR2, Proposition 3.1]. In the case of the group R, a similar
result is stated by Hörmander in the classical paper [Hor1, Theorem 1.4]3.
Remark 4.6 By the proof of Corollary 3.6, the surjective isometric map Lp(G) → M1,pl (G),
µ 7→ µ ∗ · is completely contractive. It may be possible that this map is completely isometric.
No attempt was made by the author.
Now, we justify the name “Fourier multipliers” of our multipliers. Of course, we have a
similar result for right multipliers which is left to the reader.
Proposition 4.7 Let G be a co-amenable compact quantum group of Kac type. Suppose 1 <
p 6 ∞. Let T : L1(G) → Lp(G) be a linear transformation. Then T is a bounded left Fourier
multiplier if and only if there exists a unique a ∈ ℓ∞(Gˆ) such that
(4.15) T̂ (x)(π) = aπx̂(π), π ∈ Irr(G), x ∈ L
1(G).
Proof : ⇒: By the first point of Theorem 4.2, there exists a unique µ ∈ Lp(G) such that (4.6)
is satisfied. Since the von Neuman algebra L∞(G) is finite we have the contractive inclusion
Lp(G) ⊂ L1(G). So note that by Proposition 2.1, the element a
def
= µ̂ belongs to ℓ∞(Ĝ).
Moreover, for any x ∈ L1(G) and any π ∈ Irr(G), we have
T̂ (x)(π) = µ̂ ∗ x(π) = µ̂(π)x̂(π) = aπx̂(π).
3. We reproduce the complete proof here: “follows from the fact that Lp
′
is the dual space of Lp when p < ∞”.
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We have obtained (4.15).
⇐: For any x, y ∈ L1(G) and any π ∈ Irr(G), we have
(4.16)
∧
T (x) ∗ y(π) = T̂ (x)(π)ŷ(π)
(4.15)
= aπx̂(π)ŷ(π)
(2.14)
= aπx̂ ∗ y(π)
(4.15)
=
∧
T (x ∗ y)(π)
Hence
∧
T (x) ∗ y =
∧
T (x ∗ y). By Proposition 2.1, we infer that T (x) ∗ y = T (x ∗ y). By (4.1), we
deduce that T : L1(G) → Lp(G) is a left Fourier multiplier. It remains to show that this map
is bounded. Suppose that (xn) is a sequence of elements L
1(G) converging to some element
x of L1(G) and that the sequence (T (xn)) converges to some y in L
p(G). Using Proposition
2.1 in the second inequality and the last inequality (together with the contractive inclusion
Lp(G) ⊂ L1(G)), we obtain∥∥T̂ (x)− ŷ∥∥
ℓ∞(Gˆ)
6
∥∥T̂ (x)− T̂ (xn)∥∥ℓ∞(Gˆ) + ∥∥T̂ (xn)− ŷ∥∥ℓ∞(Gˆ)
=
∥∥∧T (x− xn)∥∥ℓ∞(Gˆ) + ∥∥∧T (xn)− y∥∥ℓ∞(Gˆ) (4.15)6 ∥∥a(x̂− x̂n)∥∥ℓ∞(Gˆ) + ‖T (xn)− y‖L1(G)
6 ‖a‖ℓ∞(Gˆ)
∥∥x̂− x̂n∥∥ℓ∞(Gˆ) + ‖T (xn)− y‖Lp(G)
6 ‖a‖ℓ∞(Gˆ) ‖xn − x‖L1(G) + ‖T (xn)− y‖Lp(G) .
Passing to the limit, we infer that T̂ (x) = ŷ, hence T (x) = y by the injectivity of the Fourier
transform given by Proposition 2.1. By the closed graph theorem, we conclude that the operator
T : L1(G)→ Lp(G) is bounded.
The uniqueness is left to the reader.
Definition 4.8 Let T : L1(G) → Lp(G) be a bounded left Fourier multiplier. The unique a ∈
ℓ∞(Gˆ) satisfying (4.15) is called the symbol of T . We let Ma
def
= T .
Let us state the particular case of co-commutative compact quantum groups. Here, we use
the classical notations of e.g. [ArK]. Note that the case p = 1 is well-known by the combination
of [KaL1, Corollary 5.4.11. (ii)] and [ArK, Lemma 6.4].
Corollary 4.9 Let G be an amenable discrete group. Suppose 1 6 p 6 ∞. Any bounded
Fourier multiplier Mϕ : L
1(VN(G))→ Lp(VN(G)) is completely bounded and we have
‖Mϕ‖cb,L1(VN(G))→Lp(VN(G)) = ‖Mϕ‖L1(VN(G))→Lp(VN(G)) .
Remark 4.10 In the case p = ∞, the description of completely bounded multupliers can be
obtained on a (not necessarily amenable) discrete group G by an elementary argument using the
isomorphism Φ: VN(G)⊗VN(G) → CB(L1(VN(G),VN(G)) from (2.16). Indeed let ϕ : G→ C
be a function with finite support. For any s, t ∈ G and any s ∈ G, we have
Ψ(λs ⊗ λs)(λt)
(2.16)
= 〈λs, λt〉VN(G),L1(VN(G))λs = δs=tλs =M1{s}(λt).
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Hence Ψ(λs ⊗ λs) = M1{s} . So by linearity, we have Ψ(
∑
s∈G ϕsλs ⊗ λs) = Mϕ. Using the
coproduct ∆: VN(G)→ VN(G)⊗VN(G), λs 7→ λs ⊗ λs, note that∥∥∥∥∥∑
s∈G
ϕsλs ⊗ λs
∥∥∥∥∥
VN(G)⊗VN(G)
=
∥∥∥∥∥∆
(∑
s∈G
ϕsλs
)∥∥∥∥∥
VN(G)
=
∥∥∥∥∥∑
s∈G
ϕsλs
∥∥∥∥∥
VN(G)
.
We conclude that
(4.17) ‖Mϕ‖cb,L1(VN(G)→VN(G) =
∥∥∥∥∥∑
s∈G
ϕsλs
∥∥∥∥∥
VN(G)
.
Now, we return to the general case. A simple duality argument gives the following result.
Theorem 4.11 Let G be a co-amenable compact quantum group of Kac type. Suppose 1 6 p <
∞.
1. A map T : Lp(G)→ L∞(G) is a bounded left Fourier multiplier if and only if there exists
µ ∈ Lp
∗
(G) such that
(4.18) T (x) = µ ∗ x, x ∈ Lp(G).
2. A map T : Lp(G)→ L∞(G) is a bounded right Fourier multiplier if and only if there exists
µ ∈ Lp
∗
(G) such that
(4.19) T (x) = x ∗ µ, x ∈ Lp(G).
In the situation of the point 1 or the point 2, µ is unique and we have
(4.20) ‖µ‖Lp∗ (G) = ‖T ‖cb,Lp(G)→L∞(G) = ‖T ‖Lp(G)→L∞(G) .
Proof : 1. ⇒: Suppose that there exists µ ∈ Lp
∗
(G) such that (4.18) is satisfied. By the point
2 of Theorem 4.2, we have a completely bounded operator R : L1(G)→ Lp
∗
(G), y 7→ y ∗ µ. For
any x ∈ Lp(G) and any y ∈ L1(G), we have〈
R(y), x
〉
Lp∗ (G),Lp(G)
= 〈y ∗ µ, x〉Lp(G),Lp∗ (G)
(4.3)
= 〈y, µ ∗ x〉Lp(G),Lp∗(G).
By [ER, Proposition 3.2.2], if p > 1 we infer that T : Lp(G)→ L∞(G), x 7→ µ∗x is a well-defined
completely bounded map satisfying (4.20). If p = 1, it is easy to adapt the argument.
⇐: Suppose that T : Lp(G) → L∞(G) is a bounded left Fourier multiplier. If p > 1, since
Lp(G) is reflexive, it is apparent e.g. from [Daw1, Lemma 10.1 (3)] that T is weak* continuous.
So we can consider the preadjoint T∗ : L
1(G) → Lp
∗
(G) on L1(G) of T (if p = 1 consider the
restriction on L1(G) of the adjoint of T instead of T∗). For any x ∈ Lp(G) and any y, z ∈ L1(G)
we have〈
x, T∗(z ∗ y)
〉
Lp(G),Lp∗(G)
=
〈
T (x), z ∗ y
〉
L∞(G),L1(G)
(4.3)
=
〈
(T (x)) ∗ z, y
〉
L∞(G),L1(G)
(2.3)
=
〈
T (x ∗ z), y
〉
L∞(G),L1(G)
=
〈
x ∗ z, T∗(y)
〉
Lp(G),Lp∗(G)
(4.3)
=
〈
x, z ∗ T∗(y)
〉
Lp(G),Lp∗ (G)
.
Hence for any y, z ∈ L1(G) we deduce that
T∗(z ∗ y) = z ∗ T∗(y).
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Consequently by (2.4) the operator T∗ : L
1(G) → Lp
∗
(G) is a bounded right multiplier. We
infer by the second point of Theorem 4.2 that there exists a unique µ ∈ Lp
∗
(G) such that
T∗(y) = y ∗ µ for any y ∈ L1(G). For any x ∈ Lp(G) and any y ∈ L1(G), we obtain〈
T (x), y
〉
L∞(G),L1(G)
=
〈
x, T∗(y)
〉
Lp(G),Lp∗(G)
= 〈x, y ∗ µ〉Lp(G),Lp∗(G) = 〈µ ∗ x, y〉L∞(G),L1(G).
Therefore T (x) = µ ∗ x for any x ∈ Lp(G).
2. The proof is similar to the proof of the point 1.
The other assertions are very easy and left to the reader.
Definition 4.12 Let T : Lp(G)→ L∞(G) be a bounded left Fourier multiplier. We say that the
element a
def
= µˆ of ℓ∞(Gˆ) is the symbol of T . We let Ma
def
= T .
5 Bounded versus completely bounded operators from L1(M)
into Lp(M)
In this section, we prove Theorem 5.3 that in general the bounded norm and the completely
bounded norm are different for operator from L1(M) into Lp(M) where M is a semifinite von
Neumann algebra in sharp contrast with the case of Fourier multipliers on co-amenable compact
quantum groups of Kac type. This result in the case p = ∞ can be seen as a von Neumann
algebra generalization of [Los1] (see also [KaL1, pp. 118-120]). See also [HuT1], [Osa1] [Smi2]
for strongly related papers.
Recall that if T : X → Y is a bounded operator between Banach spaces we have by [ER,
(A.2.3) p. 333]:
(5.1) T is a quotient mapping ⇐⇒ T ∗ is an isometry.
Recall that a C∗-algebra A is n-subhomogeneous [BrO1, Definition 2.7.6] if all its irreducible
representations have dimension at most n and subhomogeneous if A is n-subhomogeneous
for some n. It is known, e.g. [ShU1, Lemma 2.4], that a von Neumann algebra M is n-
subhomogeneous if and only if there exist some distinct integers n1, . . . , nk 6 n, some abelian
von Neumann algebras Ai 6= {0} and a ∗-isomorphism
(5.2) M = Mn1(A1)⊕ · · · ⊕Mnk(A1).
The following generalize [LeZ1, Lemma 2.3]. Note that the proof is simpler in the case where
M is finite since in this case we have an inclusion M⊂ L1(M).
Proposition 5.1 Let M be a semifinite von Neumann algebra equipped with a normal semifi-
nite faithful trace τ . Suppose that M is not n-subhomogeneous. There exists a non zero ∗-
homomorphism γ : Mn+1 →M valued in M∩ L1(M).
Proof : By [Tak1, Section V], we can consider the direct sum decomposition M =MI ⊕MII
of M into a type I summand MI and a type II summand MII.
Assume that MII 6= {0}. According to [KaR2, Lemma 6.5.6], there exist n + 1 equivalent
mutually orthogonal projections e1, . . . , en+1 in MII such that e1 + · · · + en+1 = 1. Then by
[Tak1, Proposition V.1.22] and its proof, we have a ∗-isomorphism MII = Mn+1⊗(e1MIIe1).
Let f be a non zero projection of e1MIIe1 with finite trace. For any positive matrix x ∈ Mn+1,
we have
τMII(x⊗ f) = (Tr⊗τe1MIIe1)(x ⊗ f) = Tr(x)τe1MIIe1(f) <∞.
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Hence the mapping γ : Mn+1 → MII ⊂ M, x 7→ x ⊗ f is a non zero ∗-homomorphism taking
values in L1(M).
If MII = {0}, then M =MI is of type I. Since M is not subhomogeneous, it follows from
the structure result (5.2) and [Tak1, Theorem V.1.27 p. 299] that there exists a Hilbert space H
with dim(H) > n+ 1 and an abelian von Neumann algebra A such that M contains B(H)⊗A
as a summand. Let e ∈ B(H) be a rank one projection and define τA : A+ → [0,∞] by
τA(z)
def
= τM(e⊗ z).
Then τA is a normal semifinite faithful trace and τM coincides with Tr⊗τA on B(H)+ ⊗ A+.
Let f ∈ A be a non zero projection with finite trace. For any finite rank a ∈ B(H)+, it follows
from above that
τM(a⊗ f) <∞.
Now let (e1, . . . , en+1) be an orthonormal family in H . Then the mapping γ : Mn+1 → MII,
[aij ] →
∑n+1
i,j=1 aijej ⊗ ei ⊗ f is a non zero ∗-homomorphism and the restriction of τM to the
positive part of its range is finite. Hence γ is valued in L1(M).
Below, ⊗ε denotes the injective tensor product of [Rya1, Chapter 3], ⊗ˆ is the projective
tensor product of [Rya1, Chapter 2], ⊗ˆ denotes the operator space projective tensor product.
Moreover Cn and Rn denotes a Hilbert column space or a Hilbert row space of dimension n
defined in [BLM, 1.2.23]. For any z ∈ X ⊗ Y , we recall that
(5.3) ‖z‖X⊗εY
def
= sup
{
|〈z, x′ ⊗ y′〉| : ‖x′‖X∗ 6 1, ‖y
′‖Y ∗ 6 1
}
.
For any Banach spaces X and Y and any operator space E and F , we have isometries
(5.4) (X⊗ˆY )∗ = B(X,Y ∗) and (E⊗ˆF )∗ = CB(E,F ∗).
Moreover, recall the isometry
(5.5) E ⊗min F ⊂ CB(E∗, F ).
The following lemma is stated in the case p =∞ in [Los1] with a more complicated proof.
Lemma 5.2 Let n > 1 be an integer. Suppose 1 6 p 6∞. The canonical map Φn,p : Mn ⊗min
Spn → Mn ⊗ε S
p
n, x⊗ y → x⊗ y is bijective and satisfies∥∥Φ−1n,p∥∥ > n1− 12p .
Proof : Note that we have isometrically
Cn ⊗min C
p
n = Cn ⊗min (Cn,Rn) 1
p
= (Cn ⊗min Cn,Cn ⊗min Rn) 1
p
=
(
S2n, S
∞
n
)
1
p
= S2pn .(5.6)
We deduce that∥∥∥∥∥
n∑
i=1
ei1 ⊗ ei1
∥∥∥∥∥
Mn⊗minS
p
n
=
∥∥∥∥∥
n∑
i=1
ei ⊗ ei
∥∥∥∥∥
Cn⊗minC
p
n
= ‖In‖S2pn
(5.6)
= n1−
1
2p .
On the other hand, using the injectivity property [DeF, Proposition 4.3] of ⊗ε in the first
equality and the Cauchy-Schwarz inequality we have∥∥∥∥∥
n∑
i=1
ei1 ⊗ ei1
∥∥∥∥∥
Mn⊗εS
p
n
=
∥∥∥∥∥
n∑
i=1
ei ⊗ ei
∥∥∥∥∥
ℓ2n⊗εℓ
2
n
(5.3)
= sup
{∣∣∣∣ n∑
i=1
yizi
∣∣∣∣ : ‖y‖ℓ2n 6 1, ‖z‖ℓ2n 6 1
}
6 1.
With this lemma, we can prove the following result.
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Theorem 5.3 LetM be a semifinite von Neumann algebra. Suppose 1 6 p 6∞. The following
are equivalent.
1. The canonical map Θ: CB(L1(M),Lp(M))→ B(L1(M),Lp(M)) is an isomorphism.
2. M is subhomogeneous (in particular M is of type I).
In this case, if C is a positive constant such that ‖T ‖L1(M)→Lp(M) > C ‖T ‖cb,L1(M)→Lp(M) for
any completely bounded map T : L1(M)→ Lp(M) then M is
⌈
( 1
C
)
2p
2p−1
⌉
-subhomogeneous.
Proof : Recall that we have canonical isometries
CB(L1(M),Lp(M))
(5.4)
=
(
M∗⊗̂L
p∗(M)
)∗
and B(L1(M),Lp(M))
(5.4)
=
(
M∗⊗ˆL
p∗(M)
)∗
.
1. ⇒ 2: Suppose that there exists a constant C > 0 such that
(5.7) ‖Θ(x)‖(M∗⊗ˆLp∗ (M))∗ > C ‖x‖(M∗⊗̂Lp∗ (M))∗ , x ∈ CB(L
1(M),Lp(M)).
We define n
def
=
⌊
( 1
C
)
2p
2p−1
⌋
+ 1. We have ( 1
C
)
2p
2p−1 <
⌊
( 1
C
)
2p
2p−1
⌋
+ 1 = n. Hence
(5.8)
1
C
< n
2p−1
2p = n1−
1
2p .
Suppose that M is not
⌊
( 1
C
)
2p
2p−1
⌋
-subhomogeneous. By Proposition 5.1, there exists a non
zero ∗-homomorphism γ : Mn → M taking values in M∩ L1(M). Let τ ′ = τ ◦ γ : Mn → C.
Then τ ′ is a non zero trace on the factor Mn hence there exists k > 0 such that τ
′ = kTr.
We deduce a complete isometry Jp
def
= k−
1
p γ : Spn → L
p(M). Since Mn is finite-dimensional,
the map J∞ is weak* continuous in the case p = ∞. The canonical embedding of J∞ ⊗
Jp : Mn ⊗min Spn → M⊗min L
p(M) is an (complete) isometry. By (5.1), the preadjoint map
(Jp)∗ : L
p∗(M)→ Sp
∗
n is a quotient map. By [Rya1, Proposition 2.5], we deduce that the tensor
product (J∞)∗⊗ (Jp)∗ : M∗⊗ˆL
p∗(M)→ S1n⊗ˆS
p∗
n is also a quotient map. From (5.1), we obtain
that the dual map (
(J∞)∗ ⊗ (Jp)∗
)∗
:
(
S1n⊗ˆS
p∗
n
)∗
→
(
M∗⊗ˆL
p∗(M)
)∗
is an isometry.
Now, we will show that the following diagram commutes where j is defined by (5.5):
M⊗min Lp(M)
  j // CB(L1(M),Lp(M)) 
 Θ //
(
M∗⊗ˆLp
∗
(M)
)∗
Mn ⊗min Spn
J∞⊗Jp
OO
Φn,p
//
(
S1n⊗ˆS
p∗
n
)∗
= Mn ⊗ε Spn
((J∞)∗⊗(Jp)∗)
∗
OO
For any x ∈Mn and any y ∈ Spn, we have
Θ ◦ j ◦ (J∞ ⊗ Jp)(x⊗ y) = Θ ◦ j(J∞(x)⊗ Jp(y))
= Θ
(
〈J∞(x), ·〉M,L1(M)Jp(y)
)
=
〈
J∞(x), ·
〉
M,L1(M)
⊗
〈
Jp(y), ·
〉
Lp(M),Lp∗ (M)
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and
((J∞)∗ ⊗ (Jp)∗)
∗Φn,p(x⊗ y) = ((J∞)∗ ⊗ (Jp)∗)
∗
(
〈x, ·〉Mn,S1n〈y, ·〉Mn,S1n
)
=
〈
x, (J∞)∗(·)
〉
Mn,S1n
⊗
〈
y, (Jp)∗(·)
〉
Mn,S1n
.
For any z ∈M ⊗ Lp(M), we deduce that∥∥Φn,p(z)∥∥Mn⊗εSpn = ∥∥((J∞)∗ ⊗ (Jp)∗)∗Φn,p(z)∥∥(M∗⊗ˆLp∗ (M))∗ = ∥∥Θ ◦ j(J∞ ⊗ Jp)(z)∥∥(M∗⊗ˆLp∗(M))∗
(5.7)
> C
∥∥j(J∞ ⊗ Jp)(z)∥∥M⊗minLp(M) = C ‖z‖M⊗minLp(M) .
So ∥∥Φ−1n,p(z)∥∥Mn⊗minSpn 6 1C ‖z‖Mn⊗εSpn
We deduce that
∥∥Φ−1n,p∥∥Mn⊗εSpn→Mn⊗minSpn 6 1C . By Lemma 5.2, we obtain n1− 12p 6 1C . It is
impossible by (5.8).
2. ⇒ 1: It is not difficult with (5.2) and left to the reader.
Remark 5.4 Let G be a discrete group. It is known by [Kan1] and [Smi1, Theorem 2] that
the von Neumann algebra VN(G) is of type I if and only if G is virtually abelian, i.e. G has
an abelian subgroup of finite index. We deduce that if the von Neumann VN(G) satisfies the
equivalent properties of Theorem 5.3, then G is virtually abelian. We will show the converse
somewhere and will examine the case of locally compact groups.
Remark 5.5 We can generalize almost verbatim the result to the case of maps from Lq(M)
into Lp(M) using a folklore generalization of (5.6).
Corollary 5.6 Let M be a semifinite von Neumann algebra. Suppose 1 < p < ∞. The
following are equivalent.
1. The canonical map CB(L1(M),Lp(M))→ B(L1(M),Lp(M)) is an isometry.
2. M is abelian.
Proof : 2. ⇒ 1.: Suppose that the von Neumann algebraM is abelian. In this case, we have by
[Pis2, page 72] a complete isometry L1(M) = max L1(M). Then the point 1 is a consequence
of (2.17).
1. ⇒ 2.: This is a consequence of Theorem 5.3.
A direct consequence is the following corollary.
Corollary 5.7 Let G be a locally compact group. The following are equivalent.
1. We have a canonical isometry CB(L1(VN(G)),VN(G)) = B(L1(VN(G)),VN(G)).
2. The group G is abelian.
We close this Section by investigating the Schur multipliers from the Schatten trace class
S1I into the space B(ℓ
2
I) of bounded operators on the Hilbert space ℓ
2
I where I is an index set.
We will observe that there exists bounded Schur multipliers which are not completely bounded
in sharp contrast with the case p = ∞ of Theorem 4.2 of co-amenable quantum groups. Note
that it is well-known that bounded Schur multipliersMA : S
1
I → S
1
I , x 7→ [aijxij ] are necessarily
completely bounded with the same completely bounded norm than the operator norm.
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Proposition 5.8 Let I be an infinite index set. There exists a bounded Schur multiplier from
S1I into B(ℓ
2
I) which is not completely bounded.
Proof : We first show that a I × I matrix A induces a completely bounded Schur multiplier
MA : S
1
I → B(ℓ
2
I) if and only if A ∈ B(ℓ
2
I). In this case, we have
(5.9) ‖MA‖cb,S1
I
→B(ℓ2
I
) = ‖A‖B(ℓ2
I
) .
Using the matrix TJ(A) obtained fromA by setting each entry to zero if its row and column index
are not both in a finite subset J of I, we can suppose by approximation that A has finite support.
Indeed, if A ∈ B(ℓ2I) then by [BLM, Corollary 1.6.3] the net (TJ (A)) converges to for the weak*
topology of B(ℓ2I). We will use the isometric isomorphism Φ: B(ℓ
2
I)⊗B(ℓ
2
I) → CB(S
1
I ,B(ℓ
2
I))
from (2.16). For any i, j, k, l ∈ I, we have
Ψ(eij ⊗ eij)(ekl)
(2.16)
= 〈eij , ekl〉B(ℓ2
I
),S1
I
eij = δi=kδj=leij =Meij (ekl).
Hence Ψ(eij ⊗ ekl) =Meij . So by linearity, we have Ψ(
∑
i,j aijeij ⊗ eij) =MA. Using the map
∆: B(ℓ2I) → B(ℓ
2
I)⊗B(ℓ
2
I), eij 7→ eij ⊗ eij which is a normal injective ∗-homomorphism, note
that ∥∥∥∥∥∥
∑
i,j
aijeij ⊗ eij
∥∥∥∥∥∥
B(ℓ2
I
)⊗B(ℓ2
I
)
=
∥∥∥∥∥∥∆
(∑
i,j
aijeij
)∥∥∥∥∥∥
B(ℓ2
I
)
=
∥∥∥∥∥∥
∑
i,j
aijeij
∥∥∥∥∥∥
B(ℓ2
I
)
= ‖A‖B(ℓ2
I
) .
So we obtain (5.9).
The matrix A = [aij ] defined by aij = 1 for any i, j ∈ I induces a bounded Schur multiplier
MA : S
1
I → B(ℓ
2
I) since we have a contractive inclusion S
1
I ⊂ B(ℓ
2
I). It is not completely bounded
since the matrix A does not induces a bounded operator on ℓ2I .
6 ℓp(Spd)-summing Fourier multipliers on L
∞(G)
Suppose 1 6 p <∞ and let d > 1 be an integer. Let E,F be operator spaces and let T : E → F
be a linear map. We say that T is ℓp(Spd)-summing [Pis1, page 58] if T induces a bounded map
Idℓp(Sp
d
) ⊗ T : ℓ
p(Spd)⊗min E → ℓ
p(Spd(F )). In this case, we let
(6.1) ‖T ‖πp,d,E→F
def
=
∥∥Idℓp(Sp
d
) ⊗ T
∥∥
ℓp(Sp
d
)⊗minE→ℓp(S
p
d
(F ))
.
If d =∞, recall that the ℓp(Sp)-summing maps coincide with the completely p-summing maps
and we have
(6.2) ‖T ‖πp,∞,E→F = ‖T ‖π◦p,E→F .
If T : E → F is a ℓp(Spd)-summing map, then by considering a tensor ei⊗eij⊗x, it is (really)
not difficult to check that T is bounded and that
(6.3) ‖T ‖E→F 6 ‖T ‖πp,d,E→F .
We need the following easy lemma.
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Lemma 6.1 Suppose 1 6 p <∞ and let d > 1 be an integer. Let E,F,G,H be operator spaces.
Let T : E → F be a ℓp(Spd)-summing map. If R : F → G and S : H → E are completely bounded
then RTS is ℓp(Spd)-summing and we have
(6.4) ‖RTS‖πp,d,H→G 6 ‖R‖cb,F→G ‖T ‖πp,d,E→F ‖S‖cb,H→E
Proof : By [ER, Proposition 8.1.5], we have a well-defined (completely) bounded map Idℓp(Sp
d
)⊗
S : ℓp(Spd)⊗min H → ℓ
p(Spd)⊗min E with
(6.5)
∥∥Idℓp(Sp
d
) ⊗ S
∥∥
ℓp(Sp
d
)⊗minH→ℓp(S
p
d
)⊗minE
6 ‖S‖cb,H→E .
Since T : E → F is a ℓp(Spd)-summing map, we have by definition a well-defined bounded map
Idℓp(Sp
d
) ⊗ T : ℓ
p(Spd)⊗min E → ℓ
p(Spd(F )). Moreover, we have
(6.6)
∥∥Idℓp(Sp
d
) ⊗ R
∥∥
ℓp(Sp
d
(F ))→ℓp(Sp
d
(G))
(2.15)
6 ‖R‖cb,F→G .
We obtain the result by composition.
The following proposition gives a crucial example of ℓp(Spd)-summing map.
Proposition 6.2 Suppose 1 < p < ∞ and d > 1 be an integer. If M is a hyperfinite finite
von Neumann algebra equipped with a normal finite faithful trace then the canonical inclusion
ip : M →֒ Lp(M) is ℓp(S
p
d)-summing and
(6.7) ‖ip‖πp,d,M→Lp(M) = (τM (1))
1
p .
Proof : We can suppose that τM (1) = 1. Recall that if E is an operator space, we have by
[Pis1, page 37] a contractive inclusion M ⊗min E →֒ L1(M,E). Moreover, we have Lp(M,E) =
(M ⊗min E,L1(M,E)) 1
p
by definition. By [Lun1, Proposition 2.4], we deduce a contractive
inclusion M ⊗min E →֒ L
p(M,E). Taking E = ℓp(Spd) and using [Pis1, (3.6)] in the last
equality, we obtain a contractive inclusion
ℓp(Spd)⊗min M
∼=M ⊗min ℓ
p(Spd)→ L
p(M, ℓp(Spd))
∼= ℓp(S
p
d(L
p(M)).
We conclude by (6.1) that the map ip : M → L
p(M) is ℓp(Spd)-summing with the estimate
‖ip‖πp,d,M→Lp(M) 6 1. Note that ‖1‖Lp(M) = 1. Since ‖ip‖πp,d,M→Lp(M) > ‖ip‖M→Lp(M) by
Lemma 6.1, we obtain the reverse inequality.
Remark 6.3 If Fn is the free group with n generators where n > 2 is an integer then by
[Jun3, Remark 3.2.2.5], the canonical contractive inclusion ip : VN(Fn) →֒ L
p(VN(Fn)) is not
completely p-summing, i.e. is not ℓp(Sp)-summing. So the hyperfiniteness assumption in Propo-
sition 6.2 cannot be removed.
Proposition 6.4 Let G be a co-amenable compact quantum group of Kac type. Let a be a
element of ℓ∞(Gˆ). Suppose 1 6 p <∞. If a induces a completely bounded left Fourier multiplier
Ma : L
p(G) → L∞(G) then a induces ℓp(Spd)-summing left Fourier multiplier Ma : L
∞(G) →
L∞(G). In this case, we have
(6.8) ‖Ma‖πp,d,L∞(G)→L∞(G) 6 ‖Ma‖cb,Lp(G)→L∞(G) .
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Proof : Suppose that a induces a completely bounded Fourier multiplier Ma : L
p(G)→ L∞(G).
Since G is co-amenable, by [BeT1, Theorem 3.1] the convolution algebra L1(G) has a bounded
approximate identity. By [Rua1, Theorem 4.5], we infer that the finite von Neumann algebra
L∞(G) is hyperfinite. By Proposition 6.2, the map ip : L
∞(G) −֒→ Lp(G) is ℓp(Spd)-summing and
the norm is ‖ip‖πp,d,L∞(G)→Lp(G) = 1. By considering the composition
L∞(G)
ip
−֒→ Lp(G)
Ma−−→ L∞(G)
we deduce by the ideal property (6.4) that Ma : L
∞(G)→ L∞(G) is ℓp(Spd)-summing and that
‖Ma‖πp,d,L∞(G)→L∞(G)
(6.4)
6 ‖Ma‖cb,Lp(G)→L∞(G) ‖ip‖πp,d,L∞(G)→Lp(G)
= ‖Ma‖cb,Lp(G)→L∞(G) .
Remark 6.5 If G is an abelian compact group G, we have the equalities
‖Mϕ‖π◦p ,L∞(G)→L∞(G)
= ‖Mϕ‖πp,L∞(G)→L∞(G) = ‖Mϕ‖Lp(G)→L∞(G) = ‖Mϕ‖cb,Lp(G)→L∞(G)
where ‖·‖πp,L∞(G)→L∞(G) is the classical p-summing norm. Indeed, the first equality is essen-
tially [JuP1, Remark 3.7] (see also [Pis1, Remark 5.13]). The third equality is (2.18) since
L∞(G) = min L∞(G) as operator space by [Pis2, page 72]. The second equality is stated in
[BeM1, Proposition 2]4 but the proof or the idea is not given. In respect to this beautiful
tradition of not to provide proofs, we does not give the argument here. However, we (really)
confirm that the proof exists5. So we conjecture a beautiful equality in (6.4), at least in the
group von Neumann case.
7 Entropies and capacities
Let M be a von Neumann algebra equipped with a finite normalized trace τ . Recall that a
quantum channel is a trace preserving completely positive map T : L1(M)→ L1(M).
Let g : R+ → R be the function defined by g(0)
def
= 0 and g(t)
def
= t ln(t) if t > 0. If ρ is
positive element of L1(M), by a slight abuse, we use the notation ρ log ρ
def
= g(ρ).
Theorem 7.1 Let G be a finite quantum group. Let µ be a element of L∞(G). Suppose that
the convolution map T : L1(G)→ L1(G), x 7→ µ ∗ x is a quantum channel. Then
(7.1) Scb,min(T ) = Smin(T ) = −τ(µ logµ).
Proof : Note that the compact quantum group G is of Kac type by [VDa2] and co-amenable.
Hence, we can use Theorem 4.2. We obtain
Scb,min(T )
(1.4)
= −
d
dp
‖T ‖pcb,L1(G)→Lp(G) |p=1
(4.8)
= −
d
dp
‖µ‖pLp(G) |p=1
(8.4)
= −τ(µ logµ).
By (1.3), the same computation is without the subscript “cb”. So we equally have Smin(T ) =
S(µ). The proof is complete.
4. The mathscinet review contains useful remarks.
5. At least in the case b = ∞ of [BeM1, Proposition 2].
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Let d > 1 be an integer. Given a quantum channel T : L1(M)→ L1(M), we have by [JuP1,
page 5] (and the same notations)
(7.2) Cdprod(T ) =
d
dp
‖T ∗‖πp∗,d,M→M |p=1.
IMoreover, we have
(7.3) CEA(T ) =
d
dp
‖T ∗‖πp∗,◦,M→M |p=1.
and
(7.4) χ(T ) = C1prod(T ).
Proposition 7.2 Let G be a finite quantum group. Let µ be a element of L∞(G) and let d > 1
be an integer. Suppose that the convolution map T : L1(G) → L1(G), x 7→ µ ∗ x is a quantum
channel. Then Cdprod(T ) 6 τ(µ log µ), C(T ) 6 τ(µ log µ) and CEA(T ) 6 τ(µ log µ).
Proof : 1. Note that the proof of Theorem 4.11 contains the description of the adjoint T ∗.
Moreover, observe that limq→∞ ‖T ∗‖πq,d,L∞(G)→L∞(G) = ‖IdMd ⊗ T
∗‖Md(L∞(G))→Md(L∞(G)) =
1. We let a
def
= µ. Using [JuP1, Lemma 2.6] in the second equality and in the penultimate
equality, we have
CE(T )
(7.3)
=
d
dp
‖T ∗‖πp∗,◦,L∞(G)→L∞(G) |p=1 =
d
dp
‖µ ∗ ·‖πp∗,◦,L∞(G)→L∞(G) |p=1
= lim
q→+∞
q ln ‖µ ∗ ·‖πq,◦,L∞(G)→L∞(G)
(6.8)
6 lim
q→+∞
q ln ‖Ma‖cb,Lq(G)→L∞(G)
=
d
dp
‖Ma‖cb,Lq(G)→L∞(G) |p=1
(4.20)
=
d
dp
‖µ‖Lp(G) |p=1 = τ(µ log µ)
where the last equality is essentially [JuP1, Theorem 3.4].
2. Using the first point in the inequality, we have
C(T )
(1.6)
= lim
n→+∞
χ(T⊗n)
n
(7.4)
= lim
n→+∞
C1prod(T
⊗n)
n
= lim
n→+∞
C1prod(µ
⊗n ∗ ·)
n
6 lim
n→+∞
τ(µ⊗n logµ⊗n)
n
= lim
n→+∞
−
nµ logµ
n
= τ(µ logµ).
3. By (7.3), it is a particular case of the point 1.
Since our channels are unital, we have by a well-known argument contained in the proof
of [GJL2, Theorem III.3] the quantum capacity Q(T ) of a Fourier multiplier T is bigger than
−Scb,min(T ), i.e. −Scb,min(T ) 6 Q(T ). Moreover, recall that by [GIN1, (197)] we have the
inequality Q(T ) 6 C(T ). We conclude that
Q(T ) = C(T ) = −τ(µ log µ).
8 Appendix: output minimal entropy as derivative of op-
erator norms
For the sake of completeness, we include a proof of (1.3) in the appendix for finite-dimensional
von Neumann algebras (see Theorem 8.3). This part does not aim at originality. Indeed,
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the combination of [ACN1] and [DJKRB] gives a proof of this result for algebras of matrices
(equipped with non-normalized traces). However, we hope that this will make this observation
more accessible.
Suppose 1 6 p, q 6∞. LetM,N be von Neumann algebras equipped with normal semifinite
faithful traces. Consider a positive map T : Lq(M)→ Lp(N ). By an obvious generalization of
the proof [ArK, Proposition 2.12], such a map is bounded. We define the positive real number
(8.1) ‖T ‖+,Lq(M)→Lp(N )
def
= sup
x>0,‖x‖
q
=1
‖T (x)‖p .
We always have ‖T ‖+,Lq(M)→Lp(N ) 6 ‖T ‖Lq(M)→Lp(N ). We start to show that if T is in addition
2-positive (e.g. completely positive) then we have an equality.
Proposition 8.1 Let M,N be von Neumann algebras equipped with normal semifinite faithful
traces. Suppose 1 6 p, q 6∞. Let T : Lq(M)→ Lp(N ) be a 2-positive map. We have
(8.2) ‖T ‖Lq(M)→Lp(N ) = ‖T ‖+,Lq(M)→Lp(N ) .
Proof : Suppose ‖T ‖+,q→p 6 1. Let x ∈ L
q(M) with ‖x‖q = 1. By (2.8) (and a suitable
multiplication by a constant), there exist y, z ∈ L2q(M) such that
(8.3) x = y∗z with ‖y‖2q = ‖z‖2q = 1.
We have
[
0 0
y z
]∗ [
0 0
y z
]
=
[
0 y∗
0 z∗
] [
0 0
y z
]
=
[
y∗y y∗z
z∗y z∗z
]
. We infer that
[
y∗y y∗z
z∗y z∗z
]
is a
positive element of Sq2(L
q(M)). Since T is 2-positive, the matrix (IdM2 ⊗ T )
([
y∗y y∗z
z∗y z∗z
])
=[
T (y∗y) T (y∗z)
T (z∗y) T (z∗z)
]
is positive. Moreover, we have ‖T (y∗y)‖p 6 ‖T ‖+,q→p ‖y
∗y‖q 6 ‖y‖
2
2q
(8.3)
= 1
and similarly ‖T (z∗z)‖p 6 1. Using [ArK, Proposition 2.12] in the inequality, we deduce
that ‖T (x)‖p
(8.3)
= ‖T (y∗z)‖p 6 1. Hence ‖T ‖q→p 6 1. By homogeneity, we conclude that
‖T ‖q→p 6 ‖T ‖+,q→p. The reverse inequality is obvious.
The following proposition relying on Dini’s theorem is elementary and left to the reader.
The first part is already present in [Seg1, page 625].
Proposition 8.2 Let M be a finite-dimensional von Neumann algebra equipped with a finite
faithful trace τ . For any positive element x ∈ M with ‖x‖1 = 1, we have
(8.4)
d
dp
‖x‖pLp(M) |p=1 = τ(x log x).
Moreover, the family of functions x 7→
1−‖x‖p
Lp(M)
p−1 converge uniformly to the function x 7→
−τ(x log x) when p→ 1+ on the subset of positive element x ∈M with ‖x‖1 = 1.
Theorem 8.3 Let M,N be finite-dimensional von Neumann algebras. Let T : M → N be a
trace preserving 2-positive map. We have
(8.5) Smin(T ) = −
d
dp
‖T ‖pL1(M)→Lp(N ) |p=1.
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Proof : Note that ‖T ‖L1(M)→L1(N ) = 1 (if T 6= 0). Using the uniform convergence of Propo-
sition 8.2 in the fifth equality and the fact that T is trace preserving in the sixth equality, we
obtain
−
d
dp
‖T ‖pL1(M)→Lp(N ) |p=1 = lim
p→1+
1− ‖T ‖p1→p
p− 1
(8.2)
= lim
p→1+
1− ‖T ‖p+,1→p
p− 1
(8.1)
= lim
p→1+
1−maxx>0,‖x‖1=1 ‖T (x)‖
p
Lp(N )
p− 1
= lim
p→1+
min
x>0,‖x‖1=1
1− ‖T (x)‖pLp(N )
p− 1
= min
x>0,‖x‖1=1
lim
p→1+
1− ‖T (x)‖pLp(N )
p− 1
= min
x>0,‖x‖1=1
d
dp
− ‖T (x)‖pLp(N ) |p=1
(8.4)
= min
x>0,‖x‖1=1
−τ(T (x) logT (x))
(1.2)
= Smin(T ).
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